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I. INTRODUCTION AND PREL IMINARY RESULTS 
In 1938, Ostrowski [1, p. 468] proved the following integral inequality. 
THEOREM 1. Let f : I --* R, where I c R is an interval, be a mapping differentiable in the 
o o 
interior I of I, and let a,b E I with a < b. Ifllf(x)l <_ M for all x e [a,b], then 
f (x )  - - -  
1 Lb dt [1 (x-(a+b)/2)21 b-a  l(t) < + ~: -a~ j (b-a)M, Vx e [a,b]. (1.1) 
This inequality gives an upper bound for the approximation of the integral average (b - 
a) -I f: f(t) dt by the value f(x) at point x E [a, b]. Recently, Dragomir and Wang [2] proved a 
new inequality of this type. 
THEOREM 2. Under the assumptions of Theorem i, suppose that f' is integrable on [a,b] and 
~/<_ f'(x) <_ F, Vx E [a,b] for some constants 7,r  E R.  Then 
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f(x) b -a  f(t) d t -  f(b__-af(a) x 2 <_ (b -a ) (F -7 ) ,  (1.2) 
for all x E [a, b]. 
Another result of this type was obtained by Cerone, Dragomir and Roumeliotis [3], for twice 
differentiable mappings. 
THEOREM 3. Let f : I --* R, where I C R is an interval. Suppose that f is twice differentiable 
in the interior °I of I, and let a,b E °I with a < b. If f"  is integrable on [a,b] and 7 < f"(x) < F, 
Vx E [a, b] for some constants 7, F E R, then 
f (x ) - (x  a~b)  f ' (x)+ [ (b-a)2-24 +21(x a+b)2]  b -a  
(1.3) 
I f b dt 8 [1 x a+b[ ]  2 b-a  f(t) < (F -7 )  (b -a )+ - T  ' 
for a11 x E [a, b]. 
In proving inequalities (1.2) and 
(see [4, p. 2961). 
THEOREM 4. Let f, g: [a, b] -~ R 
qo < f(x) < 
where ~, ¢, 7,F E R are constants. If 
T(f, g) := ~ f(x)g(x) dx 
then 
(1.3), the key role is played by the well-known Griiss inequality 
be two integrable functions uch that 
and 7 < g(x) < F, for all x E [a, b], 
1 (3  - - 7 ) .  IT(f,g)l <_ 
Standard proof of this inequality can be obtained in two steps. First, we show that T(f, f) >_ 0, 
T(g, g) >_ O, and 
T2(f,g) <_ T(f,f)T(g,g), or equivalently, IT(f,g)l < ~ ~ .  
Second, we prove that 
(r - 1 T(f, f) <_ (3 -  ~)2 and T(g,g) <_ -~ 7) 2. 
Combining these two steps, we get (1.4). If we apply the second step only to the term T(f, f) ,  
then we see that the following result is valid. 
LEMMA 1. Let f, g : [a, b] ~ R be two integrable functions uch that f g is integrable too, and 
7 <- g(z) <_ F, for all x E [a, b], 
where 3, 7, F E R are constants. Then 
IT(f,g)l <_ ~ ~ ( P  - 7). (1.5) 
In this paper, we use inequality (1.5) to strengthen inequalities (1.2) and (1.3). We first prove, 
in Section 2, the general result for the case when f is n-time differentiable mapping, and then, 
in Sections 3 and 4, we deduce the strengthened versions of inequalities (1.2) and (1.3). 
In Section 3, we prove that (1.2) holds with (b - a)(F - 7)/(4v/3) in place of (b - a)(F - 7)/4. 
Further, in [2], some applications of (1.2) to the bounds on differences of some special means 
were obtained. Here we give analogous results with improvements forced by our strengthened 
version of inequality (1.2). Also, we give improved results with error bounds for some numerical 
quadrature rules which were discussed in [2]. 
1 b b 
(b--a)2 ~ f(x) dX fa g(x) dx, (1.4) 
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In Section 4, we obtain the improvement of inequality (1.3) and then, apply it to get improved 
results with error bounds for perturbed midpoint quadrature rule and for perturbed trapezoid 
quadrature rule which were discussed in [3]. 
2. MAIN  RESULT  
To obtain our main result, we need the following integral identity whose proof can be found 
in [5] 
LEMMA 2. Let f : I --* R, where I C_ R is an interval. Suppose that f is n-time differentiable in 
the interior °I of I, and let a,b • °I with a < b. If f ('~) is integrable on [a,b ], then for all x • [a,b], 
we have the identity (with the usual convention f(o) = f): 
~a b n-1  (b -x )  k+l ( -1 )k (x -a )  k+l 
f(t) dt = E + f(k)(x) 
k=o (k + ])! 
b 
+ ( -1 )n /  Kn(x,t)f(~)(t)dt, 
where the kernel K,~ : [a, b] 2 ----o R is given by 
(t - a) n, 
nV-- 
K,~(z,t) := (t ~-~-b) n, 
if t • [a,x), 
if t • Ix, b]. 
(2.1) 
THEOREM 5. Under the assumptions of Lemma 2, suppose that 
"7 < f(~)(x) < F, Vx • [a,b], 
where "7 and F are constants. For x E [a, b], define 
1 ~ (b - x) k+l -9c (--1)k(x -- a) k+l 
R~(x) = f(x) + ~ a k=l (k + 1)! f(k)(x) 
+ (b-  x) n+l_~._~i~_b_ ~ +  (-1)n(x - a) '~+i [/(n_i)(b ) _ :(n_i)(a)] _ 
Then, for all x E [a, b], 
IRn(x)l < I (F - "7)x/T(gn(x, .), gn(x, 
r - '7  (x -a )  2n+l - (x -b )  2n+1 (x -a )  n+l - ix -b )  n+l 
1 f~ b b - a f ( t )  dt. 
(2.2) 
PROOF. We can rewrite (2.1) as 
~b n-1 (b - x) k+l ( _ l )k (x  - a)k+l f b 
f(t) dt = (b - a) f(x) + E + k=l (k + 1)[ f(k)(Z)+(--1)n g,~(x,t)f(n)(t) dt 
or  
(_1p+1 b 
-b :a  ~ Kn(x't)f('~)(t)dt 
1 n-1 (b -z )  k+l (--1)k(X .~k+l 
= f(x) + ~-a  E + - ~) ,f(k)(x) - ~=1 (k + 1)! 
1 f~ b b a f(t) dt. 
(2.3) 
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Also, 
b ( t  - a) n dt + dt Kn(x,t)dt = n! 
(X -- a )  n+l  -- (x  -- b) n+l  
(n + i)! 
= _ (_ l )n+l  (b -  x) n+l + ( -1 )  n (x -  a) n+i 
(n + 1)! 
and 
So, we have 
abf(n)(t) dt f(n-1)(b) f(n-1)(a). 
(b - a) 2 Ks(x, t) dt (t) dt 
(b - x )  n+l  + ( -1 )  n (x - a) r'+l 
~-~-+- 1-~-~-- ~) i [ f ( " - ' ) (b ) -  f(n-1)(a)]. 
Using (2.3) and (2.4), we see that 
(2.4) 
(_l)n+l[ 1 b 1 b ] 
~-a  f~ Kn(x't)f(n)(t)dt (b -a )  2 fa Kn(x,t)dt fabf(n)(t)dt 
is equal to Rn(x). We now apply (1.5) with Kn(x, ") and f(n)(.) in place of f and g, respectively, 
to obtain 
1 (F - 7) x/T(Kn( x, "), Kn(x, .)). (2.5) 
We have already calculated 
f b (X -- a) n+l -- (x -- b) n+l 
Kn(x,t)dt = (n+ 1)! 
Similar calculation gives 
~ bK2n(x,t) dt (x - a) 2n+l - (x - b) 2n+1 (n!) 2 (2n + 1) 
so that 
1 ffg (x,t)dt T(Kn(x, "), Kn(x, .)) = b - a 
2 
1 [(x - a) 2n+1 - (x - b) 2n+x 
= (n~) 2 [ ~- -a - ) i -~+-U 
(2.6) 
Combining (2.5) and (2.6), we get (2.2). 
Let x E [a, b] be given. Denote 
b-a  a+b 
g := ~ and ~ := x -  
2 2 
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Then 
so that  
a+b b -a  a+b b -a  
x -a=x ~-4- - - -~  -~ +~, x -b=x 2 ~- -~-~'  
(x - a) n+l - (x -  b) n+l = (~ + e) n+l - (~ - £)n+i 
: E n , [<,_ (-<)9 E +, / -  
i=O j=O 
In/2] ( Tt+l ) n-2j~2j In/2] 
=2eE 2j+1 ~ =@-a) E {~ + l']~<n-~s'~j 
j=o j=o \2 j  + 1]"  ~ ' 
and similarly, 
(x - a) 2n+l - (x - b) 2n+l = (b- a) ~ (2n  + l~2n_2 je2 j  
5=0 k2j  + 1]  
Using these two identities, from (2.6), we get 
T(K,~(x,.) ,Kn(x,.))  
i=o - ~ j :o  \2j+l]" ) J" 
Further, (2.6) can be rewritten as 
(2.7) 
where 
We have 
T(K,~(z, .), K,(z, .)) - 1 (n!)~(b - a) H(x), 
(x - a) 2'l+1 - (x - b) 2n+1 
H(x) 
2n+ 1 
1 ((z-a)~+~-(x-b)~+l)2 
b-a  n¥1  
H' (x )=(x -a )  2n- (x -b )  2n-  2 (x -a )  n+l - (x -b )  n+l 
b -  a n + 1 [ (x -  a) n - (x - 5) 4 ] 
2 ( z -  a) n+l - ( z -  b) '~+1 
=[(x -a )  n - (x -b )  n] (x -a )  n +(x -b)  n -b_a  n+ l 
= A(x)B(x) ,  
where factors 
A(x) := (x - a) '~ - (x - b) '~ 
and 
B(x)  :=  (x  - a)  ~ + (z  - b) ~ - 2 (x  - a)  ~+1 - ( z  - b) "+1 
b-a  n+l  
can be rewritten as 
A(z )  = (~ + e)"  - (~ - e)" 
i-=0 
[(,~-1)/21 n ) 
y=o 2j + I ~n--2j-l~2j+l 
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and 
1 (~ + ~)n+l  _ (~ _ ~)n+l  
B(X)  = (~ Jr- ~)n -~- (~_  ~)n _ ~ n "}- 1 
= ~n-i [gi + (_g)i] e(n + 1) i 
i=0 i=0 
[n121 [n121 
=2 j:OE (~)~n-2j~2j e(n 2+ 1) j~o-- \2j(n+l+ /~n+l-(2J+l)g2g+l 
=2E (n~n-2 jg2 j  2 n+l  ~n-2jg2J 
y=o \2j] -n+----~j= ° 2 j+ l  
[n/2l M [1  1]  
= 2 (2 j ) !  j=o in (2j + I)] {n-2jg2j. 
Note that (2a+1) > 0 and (n!/(n - 2j)!)[1/(2j)! - 1/(2j + 1)!] > 0, for all n and for all corre- 
sponding indices j. Now, take x 6 [a, (a + b)/2]. Then ~ 6 [-g, 0 ]. For even n, we have that 
exponents n - 2j - 1 are odd and exponents n - 2j are even, so that Aix ) < 0 and B(x) > O. 
On the contrary, when n is odd, we get A(x) > 0 and B(x) <_ O. This shows that for every n, 
we have H'ix ) = A(x)B(x) <_ O, for all x 6 [a, (a + b)/2], which means that H(x) is decreasing 
on [a, ( a + b)/2]. If we take x 6 [(a + b)/2, b], then ~ 6 [0, g] and from the above expressions, it is 
obvious that A(x) >_ 0 and B(x) >_ O, that is, H'(x) = A(x)B(x) >_ O. So, H(x) is increasing on 
[(a + b)/2, b]. We conclude that H(x) attains its minimal value at x = (a + b)/2, while maximal 
value is attained either at x = a or at x = b. Finally, it is easy to calculate 
H(a)_ (b_a)2n+l ( n )2 
2n + 1 77- i  = H(b), 
so that for all x 6 [a, b], 
H(x) < (b-a)2n+l ( n )2 
- g n ¥ ¥  ' 
This implies 
(b-a) 2n ( n ) 2 
T(Kn(x, .), Kn(z, ")) _< (n[)2(2n + 1) ~ ' Vz 6 [a, b]. (2.8) 
COROLLARY i. Let the assumptions and the notation of Theorem 5 hold. Then 
iRn(x) I < (F -  7 ) (b -  a)nn 
- + 1)!] [a,b]. (2.9) 
PROOF. Combine i2.5) and (2.8) to get (2.9). | 
As a consequence of the result stated in Theorem 5, we derive a midpoint inequality, as well 
as trapezoid inequality. 
COROLLARY 2. Under the assumptions of Theorem 5, we have 
f (~ '~)  + ~ 1 + ( - -1 )kk=l  2 (~.~_)k f(k)((a+b)/2)(k + 1)' 
l +(--1)n (~- )  n-l f(n-1)ib)- f(n-1)(a) 1 ~ b dt 
-~ 4 (n~ 1)! b - a fit) (2.10) 
< (F -7 ) (b -a )  n [1 1+( -1)  n] 
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PROOF. For x = (a+b)/2, we have x-a  = b -x  = (b-a)/2. It is easy to see that the expression 
within the absolute value signs in the left side of (2.10) is equal to R~((a + b)/2). Also, if we 
denote gn(x) = T(K,~(x, .), Kn(x, ")), then by (2.6), we have 
(a2b)  = 1 [ (b-a)2'~ 
9n - -  (n].)2 22n(2.+ 1) ,(b-a)"(l+!--lp))'] ( 2n+l(n + 1) J J 
(b -  a)2~ [ (1+ (-1)'~)(2n + 1)] 
= (n!)2-2Un(-~n + 1) 1 - 2(n + 1) 2 
(b - a) 2n [ 
= (n!)T2~n(Tn:-F 1) L1 
1+(-1P + 1+(-1P 1 
n + 1 2(n + 1) 2 J 
(b -  a)2~ [ 1+ -(- 1--)n ] 2 
- -  (n[)222n(2n+l) I 2(n+1)  J ' 
Here we used the fact that [(1 + (-1)'~)/212 = (1 + ( -1) ' ) /2 .  Therefore, we have 
and the desired result follows by (2.2). 
COROLLARY 3. Under the assumptions of Theorem 5, we have 
1 ~ f(k)(a) + (-1)kf(k)(b)( b _ a) ~ f(a) + f(b) + (k + i)[ 
2 2k----i 
-~ l + (-1)n f(n-1)(b) - f( ' - l)(a) n+l ) !  - - -b-al  f bf(t)dt <-2~-Tl-~.]~l(F-~/)(b-a)nn 
(2.11) 
PROOF. Let gn(x) be the same as in the previous proof. Using (2.6), it is easy to calculate 
[(b - a) 2" (b - a) 2"1 n2(b - a) 2" 
gn(a) =9n(b) -  (hi) 2 [ 2n~-]- ~-~)2  ] = [(n+ 1)!]2(2n+ 1)' 
By Theorem 5, we have 
]Rn(a) I <_ ( r -  7 )n (b -  a) n and [Rn(b)l < 
2[(n + 1)!]v/~ + 1 
Using triangle inequality, we get 
(F - y)n(b - a) n 
2[(n + 1)!]x/2n + 1 
I Rn(a) + Rn(b) I < - 
(F - "y)n(b - a)  n 
2[(n+ I ) [ ]~  + 1 
Now, it is easy to check that (Rn(a) + Rn(b))/2 is equal to the expression within the absolute 
value signs in the left-hand side of (2.11). | 
, 
We start this section with an improvement of Theorem 2. 
THEOREM 6. Under the assumptions of Theorem 2, we have 
f(t) dt f(b f(a) x < - a ) (F -  y), 
~ - a ~ 2 - 4~/3  (b 
RESULTS FOR DIFFERENTIABLE FUNCTIONS (n = 1 CASE) 
(3.1) 
for all x e [a, b]. 
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PROOF. For n = 1, Theorem 5 states that 
If(x) + (b- x) 2 -  - a)2[f(b) 1 
-~Z~)2-  - f(a)] b -  a 
where, by (2.7), 
- - -  jfa6f(t) dt ~_ ~(~-  7)4T(Kl(X, .) ,Kl(x, . ) i ,  
i l  (1 )2  g b-a  
x/T(KI(X, "), KI(X, ')) = (3¢2 + g2) _ 2~ = ~ - 2v/. ~ . 
To complete the proof, note that 
(b -x )2 - (x -a )  2 a+b-2x  1 (  a+b)  
- - - -  - -  - -  X . 
2(b-  a) 2 2 (b -  a) b a 2 
Our Corollaries 2 and 3 further imply improvements (by factor l/v/3) for midpoint and trape- 
zoid inequalities proved in [2, Corollary 2.3]. 
COROLLARY 4. Under the assumptions ofTheorem 2, we have 
f (~- )  b-1 dt 4x/51 f(t) < - : - -~(b -  a ) ( r  - 7) (3.2) 
and 
f(a) + f(b) 1 [bf( t )  dt 1 < (b - a ) ( r  - 7).  2 b -a  Ya - -4-~ 
(3.3) 
PROOF. Apply Corollary 2 with n = 1 to obtain (3.2), and Corollary 3 with n = 1 to 
obtain (3.3). II 
Using the well-known Hermite-Hadamard's inequality, Dragomir and Wang [2] noted that the 
following inequalities are valid for convex function f: 
and 
- -  f ( t )  dt - f O<b_  a 
0 < f(a) + f(b) 1 
2 b -a  
_< o / I . / - . . /o / l  
- -  fabf(t) dt< l (b-a)[ f ' (b)-  i f(a)]. 
However, our improvement by the factor 1 /v~ is also valid here. In fact, we have the following 
improved result. 
THEOREM 7. Let the assumptions ofTheorem 2 hold. If f is convex on [a, b], then 
O< b-a  f(t) d t -  f 
< f(a) +f(b) 1 fb  
- 2 b - a f ( t )  dt 
J a  
1 
<_ -7--~ (b - a)[f'(b) - if(a)]. 
4V~ 
PROOF. Since f is convex and differentiable, we have 
f(c) + f'(c)(t - c) < f(t) < f(c) + f'(t)(t - c), Vc, t E [a, b]. (3.4) 
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Further, we have 
and by the integration by parts, 
ffab (t a + b) dt = 
f(b) (b i b a + b dt -= f(a) + - a) - f(t) dr. 
2 2 
So, if we set c = (a + b)/2 in (3.4) and integrate over t E [a, b], after dividing by b - a, we get 
or equivalently, 
__1 (o ÷ < f b) __1 dt 0<_ b -a  f ( t )d t -  f \. 2 J - 2 b -a  
Now, apply (3.3) and note that we may take F - 7 = if(b) - if(a), since f ' is nondecreasing 
on [a, b]. | 
In [2], Theorem 2 was applied to a class of quadrature rules which contains both the midpoint 
quadrature rule and the trapezoid quadrature rule, as special cases. Our result established in 
Theorem 6 provides improvements of the results given in [2]. 
THEOREM 8. / / f  satis/~es the conditions of Theorem 2, then for every partition Ih : a = Xo < 
xl < .." < xn-1 < xn = b of [a,b] and for any intermediate point vector ~ = (~o,~1 .... ,~,~-1), 
satisfying ~i E [xi, x~+l] (i = 0, 1, . . . ,  n - 1), we have 
Ih, 4) ,~-1 i b  1 2 f ( t )d t -AG( f ,  <_ ~-~(F  - 7) ~--~ hi. 
i=0 
Here h~ = xi+ l - xi and Aa denotes generalized quadrature rules of Riemann type de/~ned by 
n-1 n-1 
f (z,)] .  
i=O i=O 
PROOF. From (3.1) with [xi, Xi+l] in place of [a, b] and with x = ~i, we get 
hif /x~+l ( )1 1_  ~ h 2 (~ ' )  - ~x ,  f ( t )  d t  - [f (z~+l) - f(z~)] ~ z~ +2x~+1 < 4~/3(r - 7) ~, 
for all i = 0, 1 , . . . ,  n - 1. Summing this over i = 0, 1, . . . ,  n - 1 and using the triangle inequality, 
we get the desired result. | 
COROLLARY 5. Let the assumptions and the notation of Theorem 8 hold. Then 
b 1 2 
f ( t )d t -AM( f ,  < ~- -~(F -7 )~_h~,  
i-~O 
where AM(f, Ih) is the midpoint quadrature rule de/~ned by 
n--1 
AM(f, fh):---- i~of (  -+-2xi+l)hi. 
f ~b-a~ f(t) d$ ~ f + f(a) +2 f(b) b-~-dal f(t) dt, 
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PROOF. The same as for Theorem 8, but using (3.2) with [xi,xi+l] in place of [a,b] for i = 
0 ,1 , . . . ,n -  1. | 
COROLLARY 6. Let the assumptions and the notation of Theorem 8 hold. Then 
I/ Ih) .-I b I 2 
f ( t )d t -AT( f ,  _< ~- -~(F -  7 )Eh i ,  
i=0 
where AT(f,  Ih) is the trapezoid quadrature rule defined by 
1 n-1 
AT (f, Ih) := ~ E If (Xi) + f (Xi+I)] hi. 
i=O 
PROOF. The same as for Theorem 8, but using (3.3) with [xi,xi+l] in place of [a,b] for i = 
0 ,1 , . . . ,n -  1. | 
REMARK 1. The results established in Theorem 8 and in Corollaries 5 and 6 strengthen, by the 
factor l/v/3, the similar bounds given in [2]. 
In [2], inequality (1.2) was applied to obtain some bounds for the differences of some special 
means. Here we use Theorem 6 to derive new improved versions of these results. We consider 
the following special means. 
(a) The arithmetic mean: 
a+b 
A = A(a,b) . -  2 ' a,b >_ O. 
(b) The geometric mean: 
G = G(a, b) := x/~, a, b > 0. 
(c) The harmonic mean: 
2 
H = H(a, b) . -  1,_, a, b > O. 
1/a + l /O  
(d) The logarithmic mean: 
b-a  
L = L(a, b) := In b - In a'  
a, 
i f a#b,  
i fa=b,  
a,b > 0. 
(e) The identric mean: 
! 
I= I (a ,b ) := e \a  a /  ' 
a, 
i f a~b,  
if a = b, 
a,b > 0. 
(f) The p-logarithmic mean: 
r  p+l _ :+1 ]l/p 
Lv = Lp(a,b) := L(p 'T i~/~-~) J  ' 
a~ 
i f a~b,  
if a = b, 
a,b > 0. 
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The following simple relationships are well known: 
H<_G<L<I<A.  
In fact, if we define L0 := I and L_I := L, then 
p • R. Also, we have L-2 = G and L1 = A. For 
1. Applying (3.1) to the mapping f (x)  = x p 
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Lp is monotonically increasing as a function of 
details, see, for example, [6, Chapter VII. 
(p > 1), we get 
and 
(b - a)2A 
O < A-  L < -2 
This second bound is better since AL = L1L_I >_ L_2L_2 = G 2 implies A2L/G 4 >_ A/G 2. 
3. If we apply (3.1) to the mapping f (x)  = - lnx ,  then we get 
in o,, l 
Replacing x in (3.7) by A and I we get, respectively, 
A [ (b -a )  2] [ (b -a )  2] 
1 < -~ < exp [ 4 -~ab J = exp [ ~ j  
O <_ A -  I < (b -a )2L  
4v~a 2 
and 
p--1 1 
. . . .  1)np_~, (3.5) x p L p pnp_l(x A)<_- -~(b -a )2p(p  -2 
for all p > 1 and for all x E [a, b] C (0, co). If we choose x = A in (3.5) and use the fact 
that Lp > L1 = A for p > 1, then we get 
1 
_ _ _ 1 )Lp_  2. O <_ L p A p < - -~(b  a)2p(p p-2 
Similarly, if we set x = I in (3.5), then we get 
1 I p - L p - pLP-~(I A) < - -~(b  a)2p(p - p-2 _ _ 1 )Lp_  2. 
2. If we apply (3.1) to the mapping f (x)  = 1, x, then we get 
1 1 x -A  I (b -a )2A  
- Z + ~ -< 2v/3C 4 ' (3.6) 
for all x • [a, b]. Replacing x in (3.6) by A and L we get, respectively, 
O < A-L  <_ (b-a)2A2L 
2v~G 4 
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4. RESULTS FOR TWICE D IFFERENTIABLE  FUNCTIONS 
(n = 2 CASE)  
First, we give the improvement of Theorem 3. 
THEOREM 9. Let the assumptions of Theorem 3 hold. Then for all x E [a, b], we have 
[ (b -a )  2 1 (x_ ] 
< (r - 7)~ v/t2 + 15~, 
- 6v~ 
l f f  b-a  f ( t )d t  
(4.1) 
where 
PROOF. 
b-a  a+b 
g = ~ and ~ = x - 
2 2 
Setting n -- 2 in Theorem 5, we get 
f (x )  + (b - z)  ~ - (x - ~)2 
2(b - a) i f (x )  + 
(b -x )3÷(x -a )3  1 ~ab [ 
6(b--~))2- [ f ' (b ) -  f'(a)] b -a  f ( t )d t  
_< I (F  - 7)v/T(K2(x ,  "), Ks(x ,  .)). 
Simple calculation yields 
and 
(b -  x) 2 - (x -  a) 2 
2(b - a) 
(b -x )  3 + (x -  a) 3 
6(b - a) 2 
2(5 - a) x 2 
(b -  x) 2 - (b - x)(x - a) + (x - a) 2 
6(b - a) 
b-a  ~22 + 2 x 2 " 
Finally, using (2.7), we get 
1 (5,~4 + 10,~292 ÷ g4) _ (3,~2 + g2) T(K2(x,  .), K2(x, ")) = 
e 2 
= 4-~ (e: + 15d)  
or 
v/T(K2(x,  "), K2(x, ")) = -~X/ l  2 + 15~ 2, 
which completes the proof. 
REMARK 2. The right-hand side of (1.3) can be rewritten as 
B1 = r - 7(t  ÷ 1~1)2, 
8 
while our upper bound (4.1) for the left-hand side of (1.3) is 
6v~ 
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Therefore, we have 
B~ 4l ~/~2 ÷ 15~2 
B1 (e+l l) 2 
For x C [a, b], we have ~ e I-e, g] and it is easy to see that B2/B1, as function of ~, achieves its 
maximal value at 
1+ 
This maximal value is approximately 0.599 42, so that B2 < B1 holds for all x c [a, b]. 
Our improved inequalities (2.10) and (2.11) provide the improvement of perturbed midpoint 
inequality in [3, Corollary 2.2], as well as of perturbed trapezoid inequality in [3, Corollary 2.4]. 
COROLLARY 7. Let the assumptions of Theorem 9hold. Then 
+ za(b - a)[f'(b) - f'(a)] - <_ 2~. (F  - v)(b - a) 2. (4.2) 
Also, 
f(a) 1 ~a b dt 1 +2 f(b) 121 (b - a)[f'(b) - f'(a)] b - a f(t) <_ ~--~.(F - v)(b - a) 2. (4.3) 
PROOF. To obtain (4.2), we apply Corollary 2 with n = 2. Similarly, to obtain (4.3), we apply 
Corollary 3 with n = 2. | 
REMARK 3. In [3], the result corresponding to (4.2) was given, but with 1/32 in place of our 
factor 1/(24x/~). Also, the result corresponding to (4.3) was given, but with 1/8 in place of our 
factor 1/(6x/~). In both cases, the improvement is by the factor 4/(3x/~). 
In [3], inequality (1.3) was used to establish the error bounds for some composite quadrature 
rules. However, our improved inequalities (4.1)-(4.3) ensure strengthening of such error bounds. 
THEOREM 10. I f  f satisfies the conditions of Theorem 9, then for every partition Ih : a = Xo < 
xl < ... < x~- i  < xn = b of [a,b] and for any intermediate point vector ~ = (~0,~1,-.. ,{n-l), 
satisfying ~i E Ix1, Xi+l] (i -- 0, 1, . . . ,  n - 1), we have 
A( f , f ' , Ih ,~)  n-1 ~ ( )2 ~b F -v~0h~ h~+60 ~ 2 f(t)  d t -  <- 2 - -  .= 2 2 xi + x~+l 
F _ ~/ '~-1 
i=O 
where hi = xi+1 - x1 and 
n-1  n -1  
2 f'(~i)hi 
i=O i=O 
n--1 1 Xi i+1 
+ Ei=0 [24 + 2 ~i [/'(xi+I) - / ' (x i ) ] .  
PROOF. From (4.1), with [xi, xi+1] in place of [a, b] and with x = ~i, we get 
< + 60 2 -< 
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where the last inequality follows by the fact that [~i - (xi + x~+l)/2l _< hi~2. Summing this over 
i --- 0, 1 , . . . ,  n - 1 and using the triangle inequality, we get the desired result, l 
REMARK 4. In [3], the corresponding result was obtained, but with 1/8 instead of 1/(6v/5). 
COROLLARY 8. Let the assumptions and the notation of Theorem 10 hold. Then 
n--1 b F - 7 
f(t) dt - AM (f, f', Ih) <_ ~ ~ h 3, 
i=O 
(4.4) 
where AM (f, f', [h) is perturbed midpoint quadrature rule defined by 
n- I  ) , 2 : , .  AM( f , f , , Ih ) :=Zf  x,+x~+l hi.+ ~-~hi[f/(xi+l ) - (xi)] 
i=o 2 ~ i=0 
Also, we have 
h) n-1 b F - 7 
f(t) dt - AT (f, f', <_ ~ ~ h 3, 
i=0 
where AT(f, f', Ih) is perturbed trapezoid quadrature rule defined by 
(4.5) 
n-1 n-1 
1 "~2 ' x  AT(f, f ' , Ih) := 7}-~.[f(x~)+y(xi+l)]hi-Zh2[ f ' (x i+l )  - f  ( i)1. 
i=0 i=O 
PROOF. The same as for Theorem 10, but using Corollary 7. li 
REMARK 5. In [3], the result corresponding to (4.4) was given, but with 1/32 in place of our 
factor 1/(24v:5). Also, the result corresponding to (4.5) was given, but with 1/8 in place of our 
factor 1/(6v/5). In both cases, the improvement is by the factor 4/(3v/5). 
REMARK 6. For N-time different/able mapping f, we can define perturbed quadrature rules 
as 
n-1 (:,:', 
i=O 
N- I  n-1 
+ ~ (k + 1)! + (-1) k (~i - xi) k+l] f(k)(~i) 
k=l  "= 
1 ~ (X i+ l -  ~i) N+I -[- (--1) N (~i--Xi) N+I I f (N- l ) (X i+l)  -- f(N-l)(Xi)]  , 
(N + 1)! i=o hi 
n-1 
i=O 2 
n--1 
N- I  1 + (__i) k (X iy )hk+ 1 
+ ~ (~ + 11,2~+I ~ f(~) _ i+I --i 
k=l " i=0 
yl-1 1 + (-1)  g 
(N-t-  1)12 N+I Z I f (N - i ) (2 i+1) -  f (N -1) (2 i ) ]  hV, 
' i=o 
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and 
n-1 1 
i=O 
~1 n--1 
' [s Ix,+,l] ,¢+1 
+7 (k + 1)! ~ (z~) + (-1)kl (k) 
k=l i=O 
1 + (_1) N n-1 
+ ~[(g + ' ) '1E  [S <"-'' 0~,+,~- S <'<-'~ (~)]  h~. 
i=O 
It is clear how we can use Corollaries 1-3 to obtain corresponding error bounds. 
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